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The tactical planning and scheduling of chemical process networks consisting of both dedicated and flexible processes
under demand and supply uncertainty is addressed. To integrate the stochastic inventory control decisions with the
production planning and scheduling, a mixed-integer nonlinear programming (MINLP) model is proposed that captures the
stochastic nature of the demand variations and supply delays using the guaranteed-service approach. The model takes into
account multiple tradeoffs and simultaneously determines the optimal selection of production schemes, purchase amounts of
raw materials, sales of final products, production levels of processes, detailed cyclic production schedules for flexible
processes, and working inventory and safety stock levels of all chemicals involved in the process network. To globally
optimize the resulting nonconvex MINLP problems with modest computational times, the model properties are exploited and
a tailored branch-and-refine algorithm based on the successive piecewise linear approximation is proposed. To handle the
degeneracy of alternative optima in assignment configurations of production scheduling, three symmetry breaking cuts are
further developed to accelerate the solution process. The application of the model and the performance of the proposed
algorithm are illustrated through three examples with up to 25 chemicals and 16 processes including at most 8 production
schemes for each flexible process. VVC 2012 American Institute of Chemical Engineers AIChE J, 59: 1511–1532, 2013
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Introduction

Due to the increasing pressure for chemical companies to
remain competitive in the global marketplace, enterprise-
wide optimization (EWO) has become a major goal in the
process industries.1,2 As an opportunity for EWO, large inte-
grated chemical complexes are constructed by chemical
manufacturers around the world.3 However, the tactical and
operational decision making for various activities involved
in such integrated chemical complexes is never trivial.4

These chemical complexes involve diversified products and
many interconnected processes, thus allowing the chemical
production to take advantage of the synergies between proc-
esses.5–7 Also, to ensure the flexibility of an integrated
chemical complex, usually both dedicated and flexible proc-
esses are used, thus requiring the coordination among multi-
ple production schemes.8–11 In addition, the risks associated
with demand variations and supply delays may significantly
affect the decision making of a chemical complex.12–14

Although inventories can serve as buffers in dealing with the
demand and supply uncertainty, excessive inventory can be
costly.15,16 Moreover, as a large number of chemicals (raw
materials, intermediates, and final products) are involved in

a chemical complex, optimally determining which chemicals
to be stored and their corresponding working and safety in-
ventory levels is also a great challenge.17,18 Generally, the
production targets set at the planning level would affect the
scheduling, and the production delays determined at the
scheduling level would influence the lead times, thus having
impacts on the inventory levels. As a chemical complex
exhibits multiple tradeoffs among variables from all decision
levels, it is of significant importance to develop a novel opti-
mization framework that seamlessly integrates the planning,
scheduling, and stochastic inventory management under
demand and supply uncertainty.

The objective of this work is to propose a novel frame-
work for the simultaneous optimization of midterm planning,
scheduling, and stochastic inventory decisions for continuous
flexible process networks. We propose an integrated model
to coordinate the various decisions involved in a chemical
complex, including the procurement of raw materials, pro-
duction profiles of intermediate and final products, selection
and scheduling of alternative production schemes, sales of
final products to external markets, as well as the working
inventory and safety stock levels of all chemicals under
demand and supply uncertainty. We use the cyclic schedul-
ing policy8,9,19 to divide the entire planning horizon into sev-
eral identical cycles, thereby establishing a bridge between
different temporal scales. During each production cycle, we
use the time slot formulation11,20 to address the assignment
of alternative production schemes in flexible processes. As a
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chemical complex actually serves as a localized multiechelon
supply chain,3 we apply the stochastic inventory theory15,16

to model the inventory system across the entire chemical
complex. Using the guaranteed-service approach (GSA),21–24

we are able to capture the stochastic nature of the supply
and demand uncertainty and formulate an equivalent deter-
ministic optimization model. The objective is to minimize
the total cost, including the feedstock purchase costs, pro-
duction operating costs, transition costs between different
schemes and the inventory holding costs, meanwhile to sat-
isfy the internal and external demands at a certain service
level in a timely manner. We first formulate the model as a
nonconvex mixed-integer nonlinear programming (MINLP)
problem. To globally optimize the resulting MINLP with a
modest computational time, we reformulate the model by
taking advantage of the model properties and propose a tai-
lored branch-and-refine algorithm based on the successive
piecewise linear approximation. Furthermore, we develop
three symmetry breaking cuts to eliminate the degeneracy of
alternative optima in assignment configurations of production
scheduling, which significantly accelerate the solution pro-
cess. Three examples, with up to 25 chemicals and 16 proc-
esses including at most 8 production schemes for each flexi-
ble process, are presented to illustrate the application of the
model and the performance of the proposed algorithm.

The novelties of this work are summarized as follows:
• Simultaneous optimization of midterm planning, sched-

uling, and stochastic inventory decisions for flexible process
networks.
• A novel solution framework consisting of general linea-

rization techniques, piecewise linear approximation, and inte-
ger cuts based on model properties.
• Efficient symmetry breaking cuts addressing the degen-

eracy in the assignment configuration for the scheduling of
flexible processes.

The remaining article is organized as follows. In the next
section, we review existing literature closely related to this
work. In the ‘‘Background’’ section, we introduce some
basics about the GSA and base-stock policy. The general
‘‘Problem Statement’’ is provided next, followed by the
nonconvex MINLP model presented in the ‘‘MINLP Model
Formulation’’ section. Then, an ‘‘Illustrative Example’’ is
presented to illustrate the application of the proposed model.
To solve large-scale problems, general linearization methods,
a tailored branch-and-refine algorithm and three problem-
specific integer cuts are presented in the ‘‘Solution Strat-
egies’’ section. In the ‘‘Case Study’’ section, we present the
computational results and discussion for two example prob-
lems. The ‘‘Conclusion’’ is given at the end of the article.

Literature Review

Our work falls into the category of the integration of plan-
ning and scheduling under uncertainty, which has drawn sig-
nificant attentions in the past decade, and is still an active
research area nowadays. General reviews on this topic are
provided by Maravelias and Sung4 and by Verderame
et al.25 The former focused on deterministic contributions,
whereas the latter emphasized on uncertainty analysis.

Sahinidis and Grossmann10 first proposed a multiperiod
planning model for process networks with dedicated and flexi-
ble plants. Both continuous and batch operations are taken
into consideration. Norton and Grossmann5 extended the

model by incorporating raw material flexibility in addition to

product flexibility and provided a prototype of the chemical-
process representation with alternative production schemes.

Traditionally, planning and scheduling problems were treated

separately. The scheduling problem was solved afterward to
satisfy the production targets obtained from the planning

problem.26 This hierarchical approach may not necessarily

lead to feasible schedules or global optimal solutions. There-
fore, a number of simultaneous planning and scheduling mod-

els for multiproduct plants were proposed. Erdirik-Dogan and

Grossmann11 used a rigorous bilevel decomposition algorithm
to reduce the computational cost and proposed integer and

logic cuts to reduce the feasible search space for binary varia-

bles. Kopanos et al.7 combined a discrete-time planning grid
with a continuous-time treatment of the scheduling decisions

considering product families. Sahinidis and Grossmann9 and

Pinto and Grossmann8 applied cyclic scheduling policy and
reformulated the model with linearization techniques and used

generalized Benders decomposition and outer-approximation

methods, respectively.
In the recent years, due to the highly dynamic global market

environment, the integration of uncertainty analysis with plan-

ning and scheduling optimization models draws more and

more attention. A classification of sources of uncertainty both

inside and outside of a chemical complex was presented by

Pistikopoulos,14 among which, the demand variations and sup-

ply delays are mostly studied. The most common approach for

optimization under uncertainty is the scenario-based two-stage

stochastic programming.27 Ierapetritou et al.12 took advantage

of the ‘‘value of perfect information’’ to transform stochastic

models into ‘‘pseudodeterministic’’ equivalents. Liu and Sahi-

nidis13 used Monte Carlo sampling to estimate the expectation

of the objective function, which facilitate the solution of large-

scale problems. Ahmed and Sahinidis28 introduced a robust-

ness measure to account for the variability of the second-stage

costs. Levis and Papageorgiou29 considered clinical trials

uncertainty when dealing with multisite capacity planning

problems in the pharmaceutical industry based on the previous

work by Papageorgiou et al.30 Apart from the classic stochastic

programming approach, You and Grossmann31 introduced

chance constraint programming when considering the design

of responsive supply chains under demand uncertainty. Li

et al.32 explicitly considered demand due date and demand

amount uncertainty at the operational planning level using a

robust optimization approach.
Another body of research related to this work is the sto-

chastic inventory theory, which can be traced back to the
works by Simpson33 and by Clark and Scarf34 in the 1960s.
It has been extensively studied by the Operations Research
community and has quite a few applications in the supply
chain management in the chemical industry. The main idea
of stochastic inventory theory is using safety stocks as a
means to deal with demand and supply uncertainty. At the
beginning, its scope of application was limited to single-
stage and sequential supply chains. Later, the stochastic
inventory theory was extended to address general networks
and became a powerful tool widely implemented in the
supply chain management.18,19,31,35–38 Contributions to mul-
tiechelon inventory optimization can be classified as either
stochastic- or guaranteed-service framework.21,39 A detailed
comparison is presented by Klosterhalfen and Minner.40

Here, we briefly state the distinguishing difference between
these two approaches. In stochastic-service approach, the
lead time is fixed, but the service level is stochastic. On the
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contrary, in GSA, the service level is fixed, but the lead time
is uncertain, which evolves into the service time. Although
the stochastic inventory theory is originally developed for
supply chain management, its application is not merely
restricted in this area. You and Grossmann17 introduced the
stochastic inventory theory and GSA to study the tactical
planning problem for chemical process networks. In their
work, the optimal working and safety inventory levels for
each chemical are explicitly optimized, and a tailored
branch-and-refine algorithm was proposed to facilitate the
solution process. However, only dedicated processes are con-
sidered in their work, and no scheduling issues were
addressed.

Despite the significant developments in the relevant areas,
to the best of our knowledge, in the existing literature, there
is no modeling framework that integrates the stochastic
inventory management with the planning and scheduling for
flexible chemical process networks under the presence of
demand and supply uncertainty, which is to be addressed in
this work.

Background

In this section, we briefly review some concepts of GSA,
which is used in this work to model the multiechelon sto-
chastic inventory system across the entire chemical complex.
For detailed discussion, one can refer to the works by
Graves and Willems21 and by You and Grossmann.36

In GSA, each stage or node in the multiechelon inventory
system quotes a service time to its direct successor. This
service is assumed to be guaranteed as long as the demand
from its successor is within a certain upper bound. This
upper bound is related to the service level specified at that
node and the probability distribution of the uncertain
demand. Service level stands for the probability or the fre-
quency that demands can be satisfied, thus one minus the
service level is the probability of stock-out.15 The higher the
service level is, the lower the risk of stock-out should be,
thus the more safety inventories we need to hold. Therefore,
the service level has a significant influence on the safety
inventory levels, although it is considered as a given param-
eter in this work. If the demand exceeds its upper bound, we
assume that the additional demand would be covered by
special methods such as over time and/or expedited produc-
tion.23 Instead of explicitly modeling a tradeoff between
possible shortage costs and inventory holding costs, the GSA
treats the problem as being how to place safety stocks across
a chemical complex to provide guaranteed service for the
assumed bounded demand with the least inventory holding
cost. This is reasonable, because it is often difficult in prac-
tice to assess shortage costs, and the notion of guaranteed
service is somehow straightforward.23 In summary, the main
idea of the GSA is that the service level for each node in
the multiechelon inventory system is fixed, but the service
time is stochastic, which would have a direct impact on the
optimal inventory level at each stockpoint.

With the aid of Figure 1, we would like to explain the
stochastic timing relations in GSA. There are four major
elements involved in the timing relationship of a multieche-
lon inventory system: the worst-case replenishment lead time
of a node (T), the guaranteed service time (GST) a node
quotes to its successor (S), the net lead time between two
nodes (N), and the processing time from the gate of a node’s
predecessor to its own gate (P). The processing time can be

further divided into the review period, the transportation
time between two adjacent nodes and the production delay
of the node. Figure 1a shows a simple multiechelon tree
with timing elements marked next to the corresponding
node. As Figure 1b suggests, once a node (Node 2) places
an order to its predecessor (Node 1), after a certain GST
(S12), the order is guaranteed to arrive at this node (Node 2).
Hence, the longest time that one has to wait until this node
gets ready to service its successor (T2) is equal to the sum of
the GST (S12) and the processing time (P12). As the order
from its successor (say Node 3) need not to be satisfied
immediately but within a certain GST (S23), the safety stock
at this node is only required to cover demand variations over
the net lead time (N23). Note that if a node has multiple
predecessors (Node 3), the worst-case replenishment lead
time (T3) takes the value of the maximum one, that is,
T3 ¼ maxfS23 þ P23; S43 þ P43g. This is why it is called
‘‘worst case.’’ There are two extreme cases in this timing
relationship. As shown in Figure 1c, if the GST of a node to
its successor is equal to its worst-case replenishment lead
time, this node operates in ‘‘pull’’ mode. No safety inventory

Figure 1. Stochastic timing relations in GSA.

(a) Multiechelon tree with four nodes, (b) part of timing

relations at Nodes 2 and 3, (c) extreme case when the

GST equals to the worst-case replenishment lead time

(pull system), and (d) extreme case when the GST equals

zero (push system). [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.

com.]
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is required in this case, and the net lead time equals to zero.
On the other hand, as shown in Figure 1d, if the GST of a
node to its successor is equal to zero, this node operates in
‘‘push’’ mode. The node holds the most safety stock in this
case, and the net lead time equals to its worst-case replenish-
ment lead time.

In GSA, each node is operating under a base-stock pol-
icy, with a common review period across the entire inven-
tory system in the chemical complex. Under base-stock pol-
icy, the inventory level is reviewed on a regular basis (at
the end of every day, every hour, etc.). At the same time
when one checks the inventory level, a replenishment order
is placed to bring the ‘‘inventory position’’ up to the base-
stock level, where inventory position equals to inventory
on-hand plus inventory in-transit. In this way, the replenish-
ment amount or order quantity is equal to the difference
between the current inventory position and the base-stock
level. In this work, we assume the common review period
is one day, and demands from external markets are satisfied
also on a daily basis. If the daily demand of a node fol-
lows a normal distribution with mean l and standard devia-
tion r (note that the unit of both l and r is ton/day), it is
assumed that demand over any time interval is also nor-
mally distributed. Therefore, the total uncertain demand
(say Dt) over the net lead time of N days follows
NðN � l;N � r2Þ (note that actually N is dimensionless,
which means the ‘‘number’’ of days). Recall that each
stockpoint quotes a service level a to its downstream,
which relates to the range of demand to be covered by the
inventory system. Based on the previous discussion, it is
obvious that the quantity z ¼ ðDt � N � lÞ=r

ffiffiffiffi
N

p
follows

standard normal distribution Nð0; 1Þ as shown in Figure
2.15 By introducing the safety factor k, which is a standard
normal deviate for the service level a: Prðz � kÞ ¼ a, we
can derive the upper bound of the total demand over the
net lead time, which is also the base-stock level,
BS ¼ Nlþ kr

ffiffiffiffi
N

p
. This yields the safety stock for this

stockpoint as SS ¼ kr
ffiffiffiffi
N

p
. In addition, the average on-hand

inventory level is estimated as half of the expected demand
(average working or cycle inventory) plus the safety inven-
tory: Inv: ¼ Nl=2þ kr

ffiffiffiffi
N

p
, which stands for the average

inventory hold at the stockpoint.41,42

Problem Statement

In this work, we address the tactical planning and schedul-
ing of chemical process networks consisting of both
dedicated and flexible processes over a midterm planning
horizon, meanwhile considering the demand and supply
uncertainty through the use of stochastic inventory system.
A general problem statement is given as follows.

As shown in Figure 3, given is a superstructure network
consisting of a set of continuous processes i 2 I, either dedi-
cated i 2 DE or flexible i 2 FL, a set of chemicals j 2 J, a
set of external suppliers k 2 K, as well as a set of external
markets l 2 L. For each dedicated process, there is only one
production scheme, whereas for each flexible process a set
of production schemes s 2 Si are specified. Note that the
selections of production schemes are part of the planning-
level decisions. We use the cyclic scheduling policy and
slot-based formulation to coordinate the sequence and proc-
essing times of different production schemes in each flexible
process. All the cycles of a process are identical, but differ-
ent processes may have different cycles, of which the cycle
time, production sequence, and scheme assignments are deci-
sion variables to be optimized. We also assume that all the
processes are in use over the entire planning horizon, and
the capacities of all processes are given. Chemicals can be
raw materials, intermediates or products that may be pur-
chased from external suppliers, produced/consumed by proc-
esses in the network, or sold to external markets. We use the
GSA to capture the stochastic nature of the problem. The
uncertainties of demand are hedged against by the safety
inventories, and we assume that the daily demand for every
product follows a normal distribution with the mean and
standard deviation given by forecasts. The uncertainties of
supplies are described in terms of GSTs from external sup-
pliers and the availability of each chemical is known.

The objective is to minimize the total cost over the entire
planning horizon, which consists of the purchase costs for
raw materials from suppliers, the operating costs for all proc-
esses, the transition costs for flexible processes, and the
inventory holding costs for all chemicals. To satisfy the
demands in a timely manner at a minimum cost, the problem
then involves determining the production profile of each pro-
cess, the purchase and sale amount for every chemical, and
the working inventory and safety stock levels of every chem-
ical as well as the detailed cyclic schedule for each flexible
process.

MINLP Model Formulation

A chemical-process network representation is used to
account for the interactions between various chemical states
and processes, as shown in Figure 3.17 This representation is
modified from the state-task network43 and would greatly
facilitate the analysis and modeling of the complex interac-
tions between stochastic inventory management and the
purchase, production, and sale activities. Chemicals are indi-
cated by red circles with labels inside, which can be physi-
cally interpreted as storage tanks of chemicals. Processes are
represented by blue boxes also with labels inside. Specifi-
cally, for flexible processes, the box is divided into several
sublevels, each representing a production scheme. The exter-
nal suppliers and markets are denoted by green boxes,
respectively, on the left- and right-hand sides of the figure.
In fact, this chemical-process network can be treated as a
localized supply chain, involving various activities like

Figure 2. Standard normal distribution.

The white area between the curve and horizontal axis

stands for the service level. The gray area between the

curve and horizontal axis stands for the probability of

stock out. The quantity between 0 and k indicates the

safety inventory level. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.

com.]
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procurement of raw materials, sale of final products, produc-
tion of intermediate and final products, and storage of vari-
ous chemicals across the chemical complex.

To simultaneously optimize the decisions from all levels,
we first propose a nonconvex MINLP model, of which the
model formulation is presented in the following sections.
The objective is to minimize the total cost over the entire
planning horizon, which is given by Eq. 32. The constraints
can be classified into mass balance constraints 1–4, cyclic
scheduling constraints 5–12, production planning constraints
13–15, stochastic timing constraints 16–24, internal demand
constraints 25–28, and non-negative and integrity constraints

29–31. For convenience and clarity, we denote all the varia-
bles with upper case words, whereas parameters are in
lower-case words. For further information, a list of sets/indi-
ces, parameters, and variables can be found in ‘‘Notation.’’

Mass balance constraints

For every chemical j, the total input including the amounts
purchased from external suppliers and produced from
upstream processes should be equal to the total output,
including the amounts sold to external markets and con-
sumed by downstream processes. Note that we consider only
one period in this model, so the inventory is not included in

Figure 3. Chemical-process network representation of a chemical complex.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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the overall mass balance constraint. We generally assume
that the inventory levels at the end of the planning horizon
are the same as their initial values. This overall mass bal-
ance relationship is given by the following constraint

X
k2SUPj

PUj;k þ
X

ði;sÞ2Oj

Wi;s;j ¼
X
ði;sÞ2Ij

Wi;s;j þ
X

l2MKTj

SAj;l; 8j

(1)

where PUj;k is the amount of chemical j purchased from
external supplier k, SAj;l is the amount sold to external market
l, and Wi;s;j is the amount produced/consumed by scheme s in
process i. There are some subsets mentioned here. SUPj is the
subset of suppliers that provide chemical j. MKTj is the subset
of markets that have demand for chemical j. Oj is the subset of
production schemes that produce chemical j, whereas Ij
consumes chemical j.

If supplier k is selected to supply chemical j, the purchase
amount should lie between the given lower bound aLj;k and
upper bound aUj;k; otherwise the purchase amount should be
zero. This relationship is given by

aLj;kXj;k � PUj;k � aUj;kXj;k; 8j; k 2 SUPj (2)

where Xj;k is a binary variable, which equals to 1 if there is
positive flow from external supplier k to chemical j.

The expected sale amount of any chemical j to external
markets l needs to satisfy the mean value of the demand
over the planning horizon, which is the same as in the deter-
ministic process planning. The demand variations will be
handled by the base-stock policy and safety stocks. This
relationship is given by

SAj;l � �lj;lh; 8j; l 2 MKTj (3)

where �lj;l is the mean of demand rates and h is the planning
horizon.

All chemical flows (j 2 Ci;s) associated with production
scheme s in process i are given by their material balance
coefficient gi;s;j with respect to the main product (j 2 Mi;s),
which is positive for inputs and negative for outputs. For
clarity, we provide an example in Figure 4, omitting sub-

scripts s and i. Here, chemical C is the main product, thus
chemical C belongs to set M, and all the chemicals A–D
belong to set C. To produce 1 ton of chemical C, this
scheme needs to consume 1.02 ton of chemical A and 0.02
ton of chemical B, and yields 0.03 ton of chemical D.
Hence, gA ¼ 1:02, gB ¼ 0:02, gC ¼ �1, gD ¼ �0:03. The
total mass of the inputs is always greater than or equal to
that of the outputs, with the mass loss accounting for the
byproducts, emissions, etc. Therefore, the linear material
balance relationship is given by

Wi;s;j ¼ jgi;s;jjWi;s;j0 ; 8i; s 2 Si; j 2 Ci;s; j
0 2 Mi;s (4)

Cyclic scheduling constraints

To coordinate the alternative production schemes in flexible
processes, we consider the cyclic scheduling policy. Under
this policy, the sequences and processing times of different
schemes are determined together with the cycle time, and then
the identical schedule is repeated over the entire planning
horizon (Figure 5). During each cycle, using the slot-based
formulation, the cycle time is divided into a number of time
slots (sl 2 SLi), of which the number is equal to the number of
available schemes in that flexible process. Each slot is further
divided into a transition period and a processing period. For
example, if a flexible process is able to perform four produc-
tion schemes, each of its cycle contains four time slots (Figure
6). Then, the scheduling problem becomes how to assign the
production schemes to the time slots.

The assignment constraint states that each time slot must
be assigned to exactly one production scheme, whereas the
same scheme can be assigned to more than one time slot.
This relationship is given byX

s2Si
SYi;s;sl ¼ 1; 8i 2 FL; sl 2 SLi (5)

where SYi;s;sl is a binary variable, which equals to 1 if scheme s
is assigned to slot sl in process i.

The sequence constraints state that the transition from
scheme s0 to scheme s occurs at the beginning of time slot sl
if and only if scheme s is assigned to slot sl and scheme s0 is
assigned to the previous slot. Note that the transition variables
Zi;s;s0;sl can be treated as continuous variables between 0 and
1, instead of binary variables.41 The proof is also provided in
the Appendix. This significantly reduces the number of dis-
crete variables and improves the computational efficiency.X

s2Si
Zi;s;s0;sl ¼ SYi;s0;sl�1; 8i 2 FL; s0 2 Si; sl 2 SLi (6)

X
s02Si

Zi;s;s0;sl ¼ SYi;s;sl; 8i 2 FL; s 2 Si; sl 2 SLi (7)

0 � Zi;s;s0;sl � 1; 8i 2 FL; s; s0; sl (8)

Figure 4. Linear material balance relationship for a
production scheme.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. Cyclic scheduling policy.
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The cycle time CTi is equal to the summation of transition
times and production times in all the time slots, which is
given by

CTi ¼
X
sl2SLi

X
s2Si

Ci;s;sl þ
X
s2Si

X
s02Si

X
sl2SLi

Zi;s;s0;slsi;s;s0 ; 8i 2 FL

(9)

where Ci;s;sl is the production time of scheme s in time slot sl
in process i; si;s;s0 is the transition time from scheme s0 to
scheme s in process i.

As we assume that the processes are always in use over
the entire planning horizon, the cycle time CTi times the
number of cycles NCi for every flexible process should be
equal to the length of the planning horizon. This yields the
following equation

CTi � NCi ¼ h; 8i 2 FL (10)

If production scheme s is not assigned to time slot sl in
process i, the corresponding production will not take place.

Ci;s;sl � h � SYi;s;sl; 8i 2 FL; s 2 Si; sl 2 SLi (11)

The production level of each production scheme is meas-
ured in terms of its main product. For flexible processes,
several production schemes may share the same process
capacity. Thus, it requires that the production level of each
scheme s in process i should not exceed the process capacity
qi. As the main products of different schemes may differ in
density and other properties, the relative capacity factor qi;s
is introduced.

WS
i;s;j �

X
sl2SLi

qi;sqiCi;s;sl; 8i 2 FL; s 2 Si; j 2 Mi;s (12)

where WS
i;s;j is the amount produced in a cycle.

Production planning constraints

For flexible processes, the total production amount over
the planning horizon should be equal to the amount pro-
duced in a cycle times the number of cycles.

WS
i;s;jNCi ¼ Wi;s;j; 8i 2 FL; s 2 Si; j 2 Mi;s (13)

For dedicated processes, as there is only one production
scheme, cyclic scheduling is not required. Therefore, the
capacity constraint for dedicated processes is given by

Wi;s;j � qi;sqih; 8i 2 DE; s 2 Si; j 2 Mi;s (14)

If production scheme s in process i is not selected, the
production amount of the main product of this scheme
should be zero.

Wi;s;j � wU
i;s;jYOPi;s; 8i 2 FL; s 2 Si; j 2 Mi;s (15)

where wU
i;s;j is the upper bound of the total production amount;

YOPi;s is a binary variable, which equals to 1 if scheme s in
process i is selected.

Stochastic timing constraints

A chemical complex can be treated as a multiechelon
inventory system with both chemical nodes and process
nodes. All the process nodes do not hold any inventories and
operate in pull mode with zero net lead times. Inventories
are only to be held at chemical nodes. In this work, we use
the GSA to model the stochastic inventory system, assuming
the service levels of all chemical nodes are known but the
lead times are variables. Thus, the stochastic inventory
model is based on the timing relationships among all chemi-
cal nodes and process nodes within the process network.

If scheme s in process i uses chemical j as one of the
inputs, the worst-case replenishment lead time (TPi;s) of this
scheme should be no less than the sum of the GST (SCi;j)
and transfer time (hi;j) from the storage tank of chemical j to
this process plus the production delay (PDi;s) of scheme s.

TPi;s � SCi;j þ hi;j þ PDi;s; 8j; ði; sÞ 2 Ij (16)

Note that there is no scheme index s in SCi;j or hi;j. The
GST and transfer time of chemical j to different schemes in

Figure 6. Time slot formulation for the scheduling of flexible processes.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

AIChE Journal May 2013 Vol. 59, No. 5 Published on behalf of the AIChE DOI 10.1002/aic 1517



the same process should be the same, because they are in
the same process.

As process nodes do not hold inventory, the net lead times
are zero. Therefore, if chemical j is the product of scheme s,
the GSTs (SPi;s;j) to chemical j equals to the worst-case
replenishment lead time of scheme s. Note that if a scheme
has multiple products, the GSTs of all its products are the
same, because they are produced at the same time.

SPi;s;j ¼ TPi;s; 8j; ði; sÞ 2 Oj (17)

For dedicated processes, the production delay (PDi;s) of
scheme s in process i is simply its residence time

PDi;s � xi;s; 8i 2 DE; s 2 Si (18)

However, the production delays of flexible processes are
more complicated to model due to the cyclic scheduling pol-
icy. For flexible processes, the inventory is a function of net
lead time, which relates to the cycle time, processing time,
and production delays of cyclic scheduling through con-
straint 19. Thus, we implicitly consider the inventory
through the timing balance of cyclic scheduling and do not
include it in the mass balance. As illustrated in Figure 7, the
worst case is that one will need to adjust the production
level of scheme s (say, S3) immediately after its completion.
In this case, one will have to wait until scheme s (S3) is per-
formed again. Thus, the time delay of scheme s is defined as
the cycle time of process i plus its residence time minus its
processing time.19

PDi;s � CTi þ xi;s �
X
sl2SLi

Ci;s;sl; 8i 2 FL; s 2 Si (19)

Note that if a flexible process is operating in ‘‘dedicated’’
mode, or in other words only one production scheme is
selected in the process, constraint 19 downgrades to con-
straint 18, because the transition time to the scheme itself is
zero, and the cycle time equals to the production time in this
case.

Similarly, if chemical j is produced from production
scheme s, the worst-case replenishment lead time (TCj) of a

chemical node j should be no less than the GST of scheme s
plus the transfer time di;j. Otherwise, if there is no positive
flow from scheme s to chemical node j, the worst-case lead
time of chemical j would not be influenced by this scheme
due to the activation of the big-M term.

TCj � SPi;s;j þ di;j �Mð1 � YOPi;s;tÞ; 8j; ði; sÞ 2 Oj (20)

where we can use the planning horizon h as the big-M
parameter.

If some of chemical j is purchased from external supplier
k, the worst-case replenishment lead time of chemical j
should also be no less than the service time of this external
supplier sij;k. Note that the model allows the existence of
multiple suppliers. One supplier can offer multiple chemicals
and a chemical can be provided by different suppliers.

TCj � sij;kXj;k; 8j; k 2 SUPj (21)

where Xj;k is a binary variable, which equals to 1 if there is
positive flow from external supplier k to chemical node j.

If chemical j is consumed by scheme s, the GST of chem-
ical j to its downstream production scheme s should be no
less than the difference between the worst-case replenish-
ment lead time of chemical j and the net lead time (Ni;j) of
chemical j for the demand from process i.

SCi;j � TCj � Ni;j; 8j; i 2 IPj (22)

If chemical j is sold to external market l, the GST of
chemical j to this market (SOj;l) should be no less than the
difference between the worst-case replenishment lead time
of chemical j and the net lead time ( �Nj;l) of chemical j for
the demand from market l.

SOj;l � TCj � �Nj;l; 8j; l 2 MKTj (23)

In addition, the GST of chemical j to external market l
should not exceed the maximum GST allowed by that
market. Note that the model allows the existence of multiple
markets. One market can have the demand for
multiple chemicals, and a chemical can be consumed by
multiple markets.

Figure 7. Production delay for flexible processes under cyclic scheduling policy.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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SOj;l � soUj;l; 8j; l 2 MKTj (24)

Internal demand quantification

Because the demand of each final product from external
markets is uncertain, the amount of each feedstock con-
sumed by each production scheme in each process is also
uncertain. As the external demands follow a normal distribu-
tion, these internal demands are also normally distributed.
To determine the variance of an internal demand, we con-
sider the variance-to-mean (VTM) ratio, which is the same
for all the input chemicals of a certain production scheme.
One can refer to the work by You and Grossmann17 for fur-
ther discussion on the internal demand quantification.

The variance of the internal demand (Vi;s;j) is given by

Vi;s;j ¼ RPi;sWi;s;j=h; 8j; ði; sÞ 2 Ij (25)

where RPi;s is VTM ratio for all inputs of scheme s in
process i.

There are two approaches to model the uncertainty propa-
gation within the network: the ideal case and the worst
case.17 The ideal case suggests that the uncertainty propaga-
tion maintains the conservation of variance. However, in
most cases, the level of uncertainty amplifies as the informa-
tion flow transfers from downstream to upstream. Also, the
latter case gives a more conservative inventory and tends to
be computationally less expensive. Therefore, in this work,
we only consider the worst case that is modeled by the fol-
lowing constraints

RCj � RPi;s; 8j; ði; sÞ 2 Ij (26)

RCj � �rj;l; 8j; l 2 MKTj (27)

RPi;s � RCj; 8j; ði; sÞ 2 Oj (28)

where RCj is the VTM ratio for all inputs of chemical j; �rj;l is
the VTM ratio for the demand of chemical j from external
market l.

It is worth mentioning that the above constraints may lead
to an overestimation of the exact VTM ratios, thus causing a
more conservative safety inventory. This is because not all
the production schemes will be selected in the optimal pro-
cess network structure. If a production scheme is not
selected, the VTM ratios will not be propagated through it
from downstream to upstream. Therefore, the inventory lev-
els might be too conservative when the differences between
VTM ratios of various external demands are considerable
and the flexibility of the process network is significant. How-
ever, if one wants to model the exact uncertainty propaga-
tion within the network, a number of binary variables and
big-M constraints need to be introduced. Moreover, the
VTM ratios cannot be calculated a priori anymore (see
‘‘Uncertainty Propagation’’ in ‘‘Solution Strategies’’ section)
and the bilinear term in Eq. 25 cannot be circumvented.
Hence, to maintain the computational efficiency of the
model, we still consider the relaxed formulation in our
model.

Non-negative and integrity constraints

All the continuous variables in the model are non-nega-
tive. Binary variables should be either 1 or 0. Integer varia-
bles can take the values of 0, 1, 2…

PUj;k;Wi;s;j; SAj;l;Zi;s;s0;sl;Ci;s;sl;W
S
i;s;j;

CTi;TPi;s; SCi;j;PDi;s; SPi;s;j; TCj;

Ni;j; �Nj;l; SOj;l;Vi;s;j;RPi;s;RCj;NSi;NYi;s � 0

(29)

Xj;k; SYi;s;sl;YOPi;s 2 f0; 1g (30)

NCi 2 f0; 1; 2; 3;…g (31)

Objective function

The objective is to minimize the total cost given by

min
X
i

X
s2Si

X
j2Mi;s

ui;sWi;s;j þ
X
j

X
k2SUPj

aj;kPUj;k

þ
X
i2FLi

X
s2Si

X
s02Si

X
sl2SLi

pi;s;s0Zi;s;s0;slNCi

þ
X
j

1

2
bjh

� X
l2MKTj

�Nj;l�lj;l þ
X
ði;sÞ2Ij

Ni;jWi;s;j=h

�

þ
X
j

bjhkj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
l2MKTj

�Nj;l�vj;l þ
X
ði;sÞ2Ij

Ni;jVi;s;j

s
(32)

The first term represents the operating costs, where ui;s is
the operating cost for producing one unit of the main prod-
uct of scheme s in process i. The second term denotes the
purchase costs, where aj;k is the unit purchase cost of chemi-
cal j. The third term stands for the transition costs, where
pi;s;s0 is the sequence-dependent transition cost from scheme
s0 to scheme s. As for each flexible process, there are NCi

identical cycles, we need to time the number of cycles here.
The inventory costs consist of two parts, one for the average
working inventory and the other for the safety stocks, which
are denoted, respectively, by the fourth and fifth term in the
objective function. bj is the unit inventory holding cost of
chemical j; kj is the safety stock factor of chemical j; �vj;l is
the variance for the demand of chemical j from external
market l.

Nonconvex MINLP model

The constraints and objective function discussed earlier
yields a nonconvex MINLP model, which we denote as (P1).
The model includes constraints 1–31 and objective function
32. As we can see, there are bilinear terms in constraints 10,
13, 25, and the third, fourth, and fifth term of the objective
function 32. Moreover, the square root functions in the fifth
term of the objective function make the objective function
nonconvex.

Illustrative Example

Example 1

To illustrate the application of the full-space MINLP
model (P1), we first consider a small-scale example with the
process network structure given in Figure 8. It consists of
only 1 flexible process with 2 schemes and 4 chemicals in
total.

In this problem, we assume the safety stock factor kj for
all the chemicals are the same and equal to 2.0537, corre-
sponding to a service level of 98%. The planning horizon is
300 days. The capacity of the process is 200 ton/day. The
relative capacity factors of both schemes are 1. The demand
for chemical C3 from the market follows a normal
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distribution with a mean of 100 ton/day and a standard devi-
ation of 30 ton/day. The demand of chemical C4 from the
market follows a normal distribution with a mean of 50 ton/
day and a standard deviation of 20 ton/day. The maximum
GSTs of chemical C3 and C4 to the market are fixed to
zero. The deterministic transfer times from chemical node j
to process i (hi;j) and from process i to chemical node j (di;j)
are neglected and set to zero. The supplier can provide
unlimited raw materials C1 and C2 to the process with
zero purchase lower bounds. Considering the length of the
article, the remaining input data are given in Supporting
Information.

The resulting MINLP model (P1) involves 9 discrete vari-
ables, 54 continuous variables, and 63 constraints. The prob-
lem size is rather small. To globally optimize the problem,
we solve the problem with BARON 10.2.042 using GAMS
23.8.2.44 After 36,000 s, the best solution returned suggests
a total cost of $10.56 million, with a gap of 11.2% between
current lower and upper bounds. As can be seen, the global
optimizer fail to converge to the global optimal solution
even for this small-scale problem. Therefore, to handle
large-scale problems, reformulation of the MINLP model
and improvements in solution strategy are desired.

However, for this small-scale example, we can easily find
out the assignment configuration. As chemical C3 is only
produced from scheme S1 and chemical C4 only from
scheme S2, both production schemes in the process must be
selected. Because there are only two schemes, the sequence
can be easily determined. We can fix the assignment varia-
bles SY1;1;1 ¼ 1 and SY1;2;2 ¼ 1, then solve the problem
using BARON 10.2.042 again. This time, we obtain the opti-
mal solution with 0% gap in less than 1 s. The minimum
total cost suggested by the optimal solution is also $10.56
million, which is the same as the one we got previously.
This means that, although we can obtain the optimal solution
in the early stage of the solution procedure, it fails to con-
verge efficiently. This difficulty presumably arises from the

selection of production schemes and the degeneracy of
assignment configurations, and the solutions will be dis-
cussed in later sections.

The results for this example are presented as follows. The
optimal cost profile is shown by the pie chart in Figure 9.
The purchase cost account for the most (41%) of the total
cost. The share of the inventory holding cost (30%) for this
example is even larger than that of the production cost
(24%). The transition cost accounts for the least (5%) of the
total cost.

The optimal working inventory and cycle stock levels are
shown in Figure 10. The working inventory levels for chemi-
cals C1, C3, and C4 are 1020.0, 340.5, and 755.7 ton,
respectively. The safety stocks held at the three chemical
nodes are 196.8, 113.7, and 159.7 ton, respectively. How-
ever, we do not hold any inventory for chemical C2, thus
node C2 is operating in pull mode with a zero net lead time
to its downstream process.

The stochastic timing relationship is given as follows. As
chemicals C1 and C2 are purchased from suppliers, the
worst-case replenishment lead time of chemical C1 and C2
are equal to the GSTs of their corresponding suppliers, 10
days and 8 days, respectively. Chemical node C1 quotes a
GST of 0 day to the process, thus the corresponding net lead
time equals to 10 days. Chemical C2 quotes a GST of 8
days to the process, thus the corresponding net lead time
equals to 0 day. The production delay of schemes S1 and S2
are 3.4 and 7.1 days, respectively. Therefore, the worst-case
replenishment lead time of scheme S1, which also equals
to its GSTs to downstream chemical nodes C3 and equals
to the worst-case replenishment lead time of C3, is 3.4
days. As the maximum GST allowed by the market for C3
is 0 day, the net lead time at chemical node C3 is 3.4 days.
Similarly, the net lead time at chemical node C4 is
15.1 days.

Figure 9. Optimal cost profile for Example 1.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 10. Optimal cycle and safety stock levels for
Example 1.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 8. A single flexible process for Example 1.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Solution Strategies

In this section, we first exploit the model properties, and
then apply general linearization techniques to reformulate
the basic model into an MINLP, of which all the constraints
are linear, and the only nonlinear terms are the square root
functions in the objective function. Then, we propose a
branch-and-refine algorithm based on successive piecewise
linear approximation to globally optimize the reformulated
model with a modest computational time. At last, we present
three novel symmetry breaking cuts which significantly
accelerate the solution process.

Uncertainty propagation

You and Grossmann17 proposed that the optimal VTM
ratios of internal demands can be predetermined based on
the information of the process network. In other words, the
variables RCj and RPi;s can be treated as deterministic
parameters during the optimization. This would significantly
reduce the computational effort, because the bilinear terms
in constraint 25 can then be replaced with linear functions.

The property is stated that the optimal VTM ratios of
internal demands must be equal to one of the VTM ratios of
the final demands �rj;l. A path-search algorithm to determine
the VTM ratios is also introduced in the same article. The
major difference of the modified algorithm proposed below
is that we explicitly model the uncertainty propagation
through each production scheme in each process, because in
addition to dedicated processes, flexible processes are con-
sidered in this work.

Step 1: Initialize rp1i;s ¼ rp2i;s ¼ rc2j ¼ 0, diff ¼ þ1; set
rc1j ¼ max

l2MKTj

f�rj;lg.

Step 2: rp2i;s ¼ maxfmax
j

rc1j; rp1i;sg for all i; s; j such that
ði; sÞ 2 Oj.
Step 3: rc2j ¼ maxfmax

ði;sÞ
rp1i;s; rc1jg for all i; s; j such that

ði; sÞ 2 Ij.
Step 4: rc2j ¼ maxf max

l2MKTj

�rj;l; rc2jg.

Step 5: Evaluate diff ¼
P

j ðrc2j � rc1jÞ2 þ
P

ði;sÞ ðrp2i;s

�rp1i;sÞ2
; set rp1i;s ¼ rp2i;s, rc1j ¼ rc2j.

Step 6: If diff\10�6, then set RP�
i;s ¼ rp1i;s, RC

�
j ¼ rc1j and

stop; else go to Step 2 and iterate.

General linearization methods for bilinear terms

As suggested by Glover,45 a bilinear term in the form as
the product of a non-negative continuous variable and a
binary variable can be linearized by introducing one auxil-
iary non-negative variable, one big-M parameter and three
additional constraints. For example, the bilinear term (B � C)
could be replace by a non-negative variable K by adding the
following constraints

K � C (33)

K � M � B (34)

K � C�Mð1 � BÞ (35)

where B is a binary 0–1 variable, C is an arbitrary non-
negative continuous variable, and M is a sufficiently large
parameter. If the binary variable B is zero, constraint 34 would
force K to zero and constraint 35 becomes redundant; if B is
one, constraint 33 indicates that K � C, meanwhile constraint
35 suggests that K � C, which leads to K ¼ C.

Furthermore, the bilinear term in the form as the product of a
non-negative continuous variable and a non-negative integer
variable can also be linearized in the same way by expressing the
integer variable using a set of binary variables. For example, an
arbitrary positive integer variable I can be expressed as follows

I ¼
X
m

2jmj�1 � Bm (36)

where the binary variable Bm determines the value of the mth
digit of the binary representation of I.46

We apply the binary representation to variables NCi and
Ni;j, which are given as follows

NCi ¼
X
m2M1

2jmj�1 � DNi;m; 8i 2 FL (37)

Ni;j ¼
X
m2M2

2jmj�1 � Di;j;m; 8j; i 2 IPj (38)

where DNi;m and Di;j;m are the binary variables for the mth
digit of NCi and Ni;j, respectively.

As the production delay is determined with the cyclic
schedules, which could take fractional values, the net lead
time Ni;j is not necessarily an integer variable in this work.
By rounding the net lead time Ni;j to an integer, we indicate
an overestimation of the objective function.

In this way, the bilinear terms in constraints 10, 13, and
the third, fourth, and fifth term in the objective function 31
can be linearized using the Glover linearization scheme.
Considering the length of the article, the Glover linearization
constraints are omitted and the reformulated constraints are
given in the following equations.

Constraint 10 is reformulated as followsX
m2M1

2jmj�1DNCTi;m ¼ h; 8i 2 FL (39)

where DNCTi;m is the auxiliary variable for (CTi � NCi).
Constraint 13 is reformulated as followsX
m2M1

2jmj�1DNWSi;s;j;m ¼ Wi;s;j; 8i 2 FL; s 2 Si; j 2 Mi;s

(40)

where DNWSi;s;j;m is the auxiliary variable for (WS
i;s;j � NCi).

For the purpose of concise expression in later derivations,
we introduce two non-negative variables Oj and Gj as follows

Oj ¼
X

l2MKTj

�Nj;l�lj;l þ
X
m2M2

X
ði;sÞ2Ij

2jmj�1DWi;s;j;m=h; 8j (41)

Gj ¼
X

l2MKTj

�Nj;l�vj;l þ
X
m2M2

X
ði;sÞ2Ij

2jmj�1DVi;s;j;m; 8j (42)

where DWi;s;j;m and DVi;s;j;m are the auxiliary variables for
(Ni;j �Wi;s;j) and (Ni;j � Vi;s;j), respectively.

Finally, the reformulated objective function becomes

min
X
i

X
s2Si

X
j2Mi;s

ui;sWi;s;j þ
X
j

X
k2SUPj

aj;kPUj;k

þ
X
m2M1

X
i2FLi

X
s2Si

X
s02Si

X
sl2SLi

pi;s;s02
jmj�1DNZi;s;s0;sl;m

þ
X
j

1

2
bjhOj þ

X
j

bjhkj
ffiffiffiffiffi
Gj

p
(43)
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where DNZi;s;s0;sl;m is the auxiliary variable for (Zi;s;s0;sl � NCi).
So far, we have derived a reformulated MINLP model,

whose objective function is given by Eq. 43 and subject to
constraints 1–9, 11, 12, 14–25, 29, 30, 37–42, and the omit-
ted Glover linearization constraints. As can be seen, all the
constraints are linear, and the only nonlinear terms in the
model are the square root terms in the objective function.

Piecewise linear approximation

So far, after the reformulation and linearization, all the
constraints are linearized. The only nonlinear terms in the
model are the square root terms

ffiffiffiffiffi
Gj

p
in the objective func-

tion. As the square root function is concave, as shown in
Figure 11, we consider a piecewise linear function (red
dashed lines) as an underestimation of this nonlinear term
(black solid curve) by using the ‘‘multiple-choice’’ formula-
tion. Note that besides the multiple-choice model, substitu-
tive formulations also include the incremental model and the
convex combination model. In this work, we simply choose
one out of the three.47,48 Let Pj ¼ f1; 2; 3;…; pg denotes the
set of pieces or intervals in the piecewise linear function
f ðGjÞ, and uj;0; uj;1; uj;2;…; uj;p be the lower and upper
bounds of Gj for each interval. The multiple-choice formula-
tion for every chemical j is given by

f ðGjÞ ¼
X
p2Pj

ðbj;pEj;p þ aj;pFj;pÞ; 8j (44)

X
p2Pj

Ej;p ¼ 1; 8j (45)

X
p2Pj

Fj;p ¼ Gj; 8j (46)

uj;p�1Ej;p � Fj;p � uj;pEj;p; 8j; p 2 Pj (47)

Ej;p 2 f0; 1g; Fj;p � 0; 8j; p 2 Pj (48)

aj;p ¼
ffiffiffiffiffiffiffi
uj;p

p � ffiffiffiffiffiffiffiffiffiffiffi
uj;p�1

p

uj;p � uj;p�1

; bj;p¼
ffiffiffiffiffiffiffi
uj;p

p � aj;puj;p; 8j; p 2 Pj

(49)

Replacing the square root function
ffiffiffiffiffi
Gj

p
in the objective

function with the piecewise linear function f ðGjÞ yields the
following objective function

min
X
i

X
s2Si

X
j2Mi;s

ui;sWi;s;j þ
X
j

X
k2SUPj

aj;kPUj;k

þ
X
m2M1

X
i2FLi

X
s2Si

X
s02Si

X
sl2SLi

pi;s;s02
jmj�1DNZi;s;s0;sl;m

þ
X
j

1

2
bjhOj þ

X
j

bjhkj
X
p2Pj

ðbj;pEj;p þ aj;pFj;pÞ

(50)

Therefore, we have derived a mixed-integer linear pro-
gramming (MILP) model (P2), which includes constraints 1–
9, 11, 12, 14–25, 29, 30, 37–42, 45–49, and the objective
function 50. As the signs before all square root functions in
the Eq. 50 are positive, when they are replaced by the corre-
sponding piecewise linear functions, Eq. 50 provides an
underestimation of Eq. 43. Also, models (P1) and (P2) have
the same feasible region, so they have the same set of feasi-
ble solutions. In the next section, we will present the algo-
rithm that takes advantage of this MILP for the solution of
the reformulated nonconvex MINLP.

Branch-and-refine algorithm

Because the objective of (P2) is an under-estimator of the
objective of (P1) and this is a minimization problem, the
optimal objective of (P2) provides a valid lower bound to
the basic model (P1). As both models have the same feasible
region, the optimal solution of (P2) is also a feasible solution
of (P1). Therefore, we can always obtain an upper bound of
the global optimal solution by directly substituting the opti-
mal solution of (P2) to evaluate the objective function of
(P1). The remaining challenge is how to iteratively refine
and improve the solution, so that the gap between the lower
and upper bounds will converge within finite iterations.
Obviously, the more pieces that are used in (P2), the better
the approximation we can get for the nonlinear functionffiffiffiffiffi

Gj

p
, but more additional variables and constraints are

required. Instead, we consider an iterative branch-and-refine
strategy starting from only one interval for each f ðGjÞ, and
let the algorithm automatically determine whether additional
intervals are needed or not.17,35 The flowchart of this algo-
rithm is illustrated in Figure 12. For a more detailed expla-
nation, one can refer to the work by You and Grossmann.17

Figure 11. Piecewise linear approximation of a concave
function.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 12. Flowchart of the branch-and-refine algorithm.
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Symmetry breaking cuts

From observation, we discovered that the major computa-
tional difficulty arises from the selection and scheduling of
production schemes in the flexible processes. This is mostly
because that when the same product can be assigned to more
than one slot, the cyclic scheduling model becomes highly
degenerate. As suggested in the work by Erdirik-Dogan and
Grossmann,11 introducing symmetry breaking cuts could
improve the computational efficiency of the model. When
the same product is assigned to more than one slot, the
model will not assign that product to nonconsecutive slots
in the optimal solution. For example, Configuration 1 in
Figure 13a results in the same production performance but
higher transition cost compared to Configuration 2. However,
Configurations 2–4 are all equivalent. To prevent these
degenerate solutions, they enforced that if a selected scheme
is not assigned to the first slot, it can only occupy exactly
one slot and the scheme assigned to the first slot would uti-
lize all the remaining slots (CUT 1). This is modeled by the
following constraints

NYi;s ¼
X
sl2SLi

SYi;s;sl; 8i 2 FL; s 2 Si (51)

YOPi;s � SYi;s;sl; 8i 2 FL; s 2 Si; sl 2 SLi (52)

YOPi;s � NYi;s � nsliYOPi;s; 8i 2 FL; s 2 Si (53)

NSi ¼
X
s2Si

YOPi;s; 8i 2 FL (54)

NYi;s � nsli � ðNSi � 1Þ �Mð1 � SYi;s;1Þ; 8i 2 FL; s 2 Si

(55)

NYi;s � nsli � ðNSi � 1Þ þMð1 � SYi;s;1Þ; 8i 2 FL; s 2 Si

(56)

where NYi;s stands for the number of time slots assigned to
scheme s in process i; NSi represents the number of schemes

that are selected in process i; nsli is the number of schemes or
slots in process i. Constraints 51–54 are straightforward. CUT
1 mentioned before is enforced by the two big-M constraints
55 and 56. If a scheme is assigned to the first slot, the big-M
terms in both constraints become zero, thus the number of slots
assigned to this scheme must be equal to the total number of
slots nsli, minus the total number of selected schemes minus 1.
If the scheme is not assigned to the first slot, both constraints
become redundant. As the number of slots assigned to a
scheme will not exceed nsli. We can use nsli as the big-M
parameter.

However, for cyclic scheduling, this symmetry breaking
cut alone is not enough. As can be seen in Figure 13b, Con-
figurations 5–8 are also equivalent. This indicates that as
long as the mutual sequence of the production schemes
remain unchanged, either one of them can be assigned to the
first slot. Thus, we propose a new symmetry breaking cut
enforcing that the scheme assigned to the first slot has the
smallest order among all the selected schemes (CUT 2). To
model this, we introduce an auxiliary variable CUTi;s;s0;sl

which equals to 1 if scheme s0 is assigned to the first slot
and scheme s to slot sl in process i. Similar to the transition
variables Zi;s;s0;sl, CUTi;s;s0;sl can be defined as continuous var-
iables between 0 and 1, instead of binary variables.41 CUT 2
is modeled by the following constraintsX
s2Si

CUTi;s;s0;sl ¼ SYi;s0;1; 8i 2 FL; s0 2 Si; sl 2 SLi; jslj > 1

(57)X
s02Si

CUTi;s;s0;sl ¼ SYi;s;sl; 8i 2 FL; s 2 Si; sl 2 SLi; jslj > 1

(58)

CUTi;s;s0;sl ¼ 0; 8i 2 FL; s 2 Si; s
0 2 Si; sl 2 SLi;

jslj > 1; jsj\js0j ð59Þ

Note that jslj > 1 indicates slots other than the one with
the least order, and jsj\js0j indicates that the order of
scheme s is smaller than that of s0.

Furthermore, as can be seen in Figure 13c, Configurations
9–11 satisfy both cuts mentioned earlier but are still alterna-
tive optima. Therefore, we propose another symmetry break-
ing cut (CUT 3) enforcing that if the scheme assigned to the
first slot occupies more than one slot, then they must be the
first few slots which can be modeled by

�M � CUTi;s;s0;sl þ 1 � jslj � NYi;s0 � M�ð1 � CUTi;s;s0;slÞ;
8i 2 FL; s 2 Si; s

0 2 Si; jsj ¼ js0j; sl 2 SLi; jslj > 1 ð60Þ

This big-M constraint states that if a scheme is simultane-
ously assigned to the first slot and slot sl other than the first
slot, the big-M term on the right-hand side becomes zero,
thus the order of slot sl cannot exceed the number of slots
assigned to this scheme. If this is not the case, the constraint
becomes redundant. As the number of slots assigned to a
scheme will not exceed nsli, we can use nsli as the big-M
parameter.

In this way, we are able to eliminate all the other degener-
ate assignment configurations in scheduling, except the one
that satisfies all the three symmetry breaking constraint.
Although this would introduce additional variables and con-
straints, it would greatly accelerate the computation process

Figure 13. Degeneracy of assignment configurations in
scheduling.

(a) A nonoptimal solution and degenerate configura-

tions related to CUT 1, (b) Degenerate configurations

related to CUT 2, and (c) Degenerate configurations

related to CUT 3.
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due to the significant reduction in feasible search space.
Comparison results will be presented in the next section.

Case Studies

To illustrate the application of the reformulated model and
the performance of the proposed solution strategies, we con-
sider a medium-scale problem (Example 2) and a large-scale
chemical complex network (Example 3). All the computa-
tional experiments are performed on a DELL OPTIPLEX
790 desktop with Intel(R) Core(TM) i5-2400 CPU @ 3.10
GHz and 8 GB RAM. All the models and solution procedure
are coded in GAMS 23.8.1.44 The MILP problems are solved
using CPLEX 12.4. The nonconvex MINLP problems are
solved using BARON 10.2.042 to achieve global optimality.

Example 2

In this example, we consider a process network consisting
of 6 chemicals and 3 flexible processes including at most 4
production schemes each, given by Figure 14. The planning
horizon is 350 days. The safety stock factors are set to
2.0537 corresponding to a 98% service level. All the
demands of chemicals from external markets are normally
distributed. The purchase lower bounds, the maximum GSTs
to markets and the deterministic transfer times between pro-

cess nodes and chemical nodes are all set to zero. The
remaining input data are given in Supporting Information.

For this example, we set the optimality tolerance for the
solvers as 0%. We first solve the full-space problem with the
basic nonconvex MINLP formulation (P1) using the solver
BARON 10.2.0.42 Unfortunately, no feasible solution is
returned because of ‘‘solver failure’’ after 1,440 s. The
solver failure might be due to the connection between the
NLP solver CONOPT and the global optimizer BARON.
Then, we solve the model (P2) that does not include the
symmetry breaking cuts, using the proposed branch-and-
refine algorithm with the solver CPLEX 12.4. It took 1,575
CPUs in total for three iterations of the branch-and-refine
algorithm to achieve the global optimal solution with a zero
optimality gap. This shows significant improvement in the
computational efficiency using the reformulated model and
the proposed branch-and-refine algorithm. At last, we add
the three symmetry breaking cuts and solve the resulting
model (P3) using CPLEX 12.4. This time, we obtain the
same global optimal solution with only 376 CPUs in total
for three iterations. The comparison shows that it is worth
introducing the additional variables and constraints of the
symmetry breaking cuts. The upper and lower bounds of
each iteration of the proposed branch-and-refine algorithm
when solving model (P3) are demonstrated in Figure 15. The
algorithm finds the optimal solution at the first iteration and
spends two more iterations to verify its optimality. However,
this is not always the case. In general, the upper bound may

Figure 14. Process network superstructure for Example 2.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 15. Upper and lower bounds of each iteration
of the branch-and-refine algorithm for
Example 2.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 16. Cost profile for Example 2.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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gradually decrease and lower bound increases as the number
of iterations goes up.

The global minimum total cost obtained is $22.41 million
with the profile shown in Figure 16. We can see that the pur-
chase costs account for almost half of the total cost. The
inventory holding cost represents 15% of the total cost,
which significantly demonstrates the importance of integrat-
ing inventory optimization with process planning and sched-
uling decisions. The transition cost is zero, because there is
no transition between different production schemes. As can
be seen clearly in the optimal network structure shown in
Figure 17, all three flexible processes are operating in dedi-
cated mode with only one production scheme selected in
each process.

The dash-line boxes indicate that the chemical being sur-
rounded has a nonzero inventory level. Thus, in the optimal
network structure we do not need to hold any inventory for
chemicals C1 and C2. In order words, these two chemical
nodes are operating in pull mode with zero net lead time.
The optimal purchase and sale amounts are listed in Table 1.
The demand for chemical C3 is fully satisfied by production
scheme S3 in process P2 using chemical C2 purchased from
external supplier as the feedstock. Chemical C5 is produced
by scheme S2 in process P3 using chemical C4 as the input.
Part of chemical C4 is purchased from the external supplier,
whereas the other part is produced from scheme S2 in pro-
cess P1 using chemical C1 and C6 as inputs. Note that
chemical C6 is also the coproduct of chemical C5, thus
forming a recycle stream in the process network. The opti-
mal production level for each scheme is shown in Figure 18,
which indicates that processes P1 and P2 are operating at
their full capacity of 70 and 100 ton/day, respectively. How-
ever, process P3 only utilizes 70 out of 150 ton/day of the
full capacity, leaving more than half of the capacity unused.

Figure 19 shows the stochastic timing relations within the
chemical-process system. As can be seen, the optimal

network can be divided into two subsystems. One involves
processes P1 and P3 and chemicals C1, C4, C5, and C6. The
other involves process P2 and chemicals C2 and C3. The
former subsystem involves a recycle stream. The worst-case
replenishment lead time of chemical C1 equals to the GST
of its supplier, 10 days. Chemical node C1 operates in pull
mode and quotes a GST of 10 days to scheme S2 in process
P1. As the production delay of scheme S2 is 2 days, it
quotes a GST of 12 days to chemical C4, which is coinci-
dently equal to the GST from the supplier to chemical node
C4. Thus, the worst-case replenishment lead time of chemi-
cal C4 is 12 days. Chemical C4 operates in push mode and
quotes a GST of 0 day to scheme S2 in process P3. As the
production delay of scheme S2 is 1 day, it quotes GST of 1
day to both its products C5 and C6. As part of chemical C6
is also purchased from the supplier that quotes a GST of 15
days, the worst-case replenishment lead time has to be 15
days. As an internal chemical, which would not be sold to
the market, chemical C6 quotes a GST of 10 days back to
scheme S2 in process P1, thus resulting in a net lead time of
5 days. The latter subsystem is a sequential network. The
worst-case replenishment lead time of chemical C2 equals to
GST of the supplier, 8 days. Chemical node C2 operates in
pull mode and quotes a GST of 8 days to scheme S3 in pro-
cess P2. As the production delay of scheme S3 is 2 days, it
quotes GST of 10 days to chemical C3.

Figure 17. Optimal process network structure for Example 2.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 1. Optimal Purchase and Sale Amounts for Example 2

Chemicals Purchases PUj;k (ton) Sales SAj;l (ton)

C1 26,950
C2 37,800
C3 35,000
C4 2450
C5 24,500
C6 980

Figure 18. Optimal production levels and capacity
utilization for Example 2.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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The GSTs of chemical nodes that face external markets
can be treated as a quantitative indicator of responsiveness,
which measures the ability of a chemical complex to respond
rapidly to changes in demand.19,37 If we increase the maxi-
mum GSTs of the demands from the market, we will be able
to achieve a lower total cost, because the demands are
becoming less urgent. Thus, we perform a series of computa-
tional experiments by setting all the maximum GSTs soUj;l to
a same value and gradually increasing the value from 0 to
15. The results presented in Figure 20 shows that as the
GSTs of the demands for chemicals from the external market
increase from 0 to 15 days, the total cost monotonically
decreases from $22.4 million to $19.3 million, and the total
inventory for all chemicals drops from 2,492.7 to 45.6 ton.
We have not plotted for the cases such that soUj;l > 15,
because the total cost and inventory profile will not decrease
anymore. The result shows that the more responsive the pro-
cess network needs to be, the higher cost and more inventory
it will have. The reason that the total inventory level of this
example cannot reach zero will be discussed in the next
paragraph.

Figure 21 shows the optimal working and safety inventory
levels for all chemicals when the GSTs of demands from the
market are set to 0, 5, 10, and 15 days, respectively. In addi-
tion to the decrease in inventory levels, the number of chem-
icals to be stored is also changing. For the case of 0 day, we
hold inventories for four products, for the case of 5 days we
store three products, and for the case of 10 days, we store
two products. In the case of 15 days, we only need to hold
inventory for one product, C6. The inventory of chemical C6
cannot reach zero, because chemical C6 is within a cycle

stream. To explain this point, let us have a look at the
instance illustrated in Figure 22. The notations of the param-
eters are the same as those in Figure 1. Assuming both N12

and N21 are 0, and T1 ¼ S21 þ P21, we can derive that
T1 ¼ S12 and S12 þ P12 ¼ T2 ¼ S21, which leads to a contra-
dictory result: T1 ¼ P12 þ P21 þ T1. Therefore, in this case,
at least one of the net lead times in the cycle stream must be
non-negative, which would cause the inventory placement at
this node.

Example 3

To illustrate the application of the proposed models and
the performance of the branch-and-refine algorithm and sym-
metry breaking cuts on large-scale problems, recall the
chemical-process network discussed at the beginning of the
article (Figure 3). We still consider the same assumptions in
Example 2, setting the purchase lower bounds, the maximum
GSTs to markets and the deterministic transfer times
between process nodes and chemical nodes to zero. The
planning horizon is also 350 days. The detailed input data
are given in Supporting Information.

Considering the large problem size, we set the optimality
tolerance as 0.1%. We first solve the full-space problem (P1)
using BARON 10.2.0.42 After about 3,300 s, we encounter
the solver failure again. We then solve (P2), which does not
include the symmetry breaking cuts using the proposed
branch-and-refine algorithm with CPLEX 12.4. The lower
bounding problem of the first iteration in the branch-and-
refine algorithm cannot converge to the solution with desired
optimality tolerance after 36,000 s. At last, we solve (P3)
that includes the symmetry breaking cuts with the proposed
branch-and-refine algorithm using CPLEX 12.4. The global
optimal solution is obtained within three iterations with a
total CPU time of 5,926 s.

The optimal process network is shown in Figure 23. Note
that the supplier of chemical R is not selected. All the inter-
nal and external demands of chemical R are satisfied by the
production of process P9. Also note that the chemical node
W is not selected. There are neither processes consuming/
producing chemical W, nor external markets having demand
for chemical W. Although in the original superstructure,
some flexible process involves 8 production schemes, at
most 2 schemes are chosen in the optimal network. The

Figure 19. Stochastic timing relations for Example 2.

(a) Subsystem consisting of chemicals C1, C4, C5, and

C6 and processes P1 and P3. (b) Subsystem consisting

of chemicals C2 and C3 and process P2. Orange bars

denote GSTs from external suppliers to chemical nodes.

Portions with the slashed pattern and pink bars denote

GSTs of chemical nodes to downstream processes. Blue

bars denote production delays of processes. Green bars

denote GSTs of processes to downstream chemical

nodes. Vertical gray bars denote zero GSTs. [Color fig-

ure can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]

Figure 20. Pareto optimal curve and total inventory of
all chemicals for Example 2.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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cyclic schedules for flexible processes are presented in
Table 2. As can be seen, the cycle times range from 1 to 3
weeks. Note that the summation of processing times of the
chosen schemes is less than the cycle time of the flexible
process, because transition times are not listed. Also, as only
two schemes are chosen, the sequence can be easily deter-
mined under the cyclic scheduling policy.

The corresponding inventory profile is shown in
Figure 24a. Some chemical nodes such as A, B, K, M, and
O are operating in pull mode with zero net lead times and
inventories. Some chemical nodes keep rather low inventory
levels, whereas some others keep very high inventory levels.
Especially, for chemical J, its inventory level is much higher
than those of other chemicals. This is because the unit inven-
tory holding cost for chemical J is much lower than other
chemicals, and also because it is an important intermediate
and final product.

To address the responsiveness issue of this chemical com-
plex, we perform the same analysis as discussed in Example
2. This time we generate 24 instances by fixing the parameters
soUj;l to 24 values evenly distributed in [0, 69], that is, 0, 3,
6…66, 69. The resulting Pareto optimal curve is shown in
Figure 25. As this is a minimization problem, a lower error
bar for the total cost indicating the 0.1% optimality gap is
considered for each instance. In general, as we increase the
GSTs to the market from 0 to 69 days, the total cost drops
from $362.2 million to $344.8 million, and the total inventory
drops from 30,007 to 7,324 ton. As can be seen, the total cost
as well as the total inventory level drops sharply as soUj;l
increases from 0 to 18 days, whereas tends to be flat after 27

days. Considering a balance between costs and responsive-
ness, one may set the GSTs to markets as 3 weeks, but any
point on the Pareto curve is optimal. Theoretically, the total
cost should be monotonically decreasing. However, slight
fluctuations of the total cost can be observed in the lower-right
part of the curve. The fluctuation of the total cost is because
the model is solved with a 0.1% gap rather than the zero opti-
mality tolerance. The same reason applies to the fluctuation of
the total inventory level, whereas another reason is the exis-
tence of multiple optimal solutions due to the trade-off
between stochastic inventory management and other activities
involved in the chemical complex. Figure 24 shows the opti-
mal working and safety inventory levels for all chemicals
when the GSTs of demands from the market are set to 0, 15,
30, 45, 60, and 69 days. As can be seen, when the GSTs are
set to 0 day, the optimal solution suggests holding inventory
for 19 out of 25 chemicals. As we relax the maximum GSTs
allowed by the market, the number of chemicals one needs to

Figure 21. Optimal inventory levels when all the maximum GSTs to the market are set to different values.

(a) Case when maximum GSTs to the market are 0 day, (b) case when maximum GSTs to the market are 5 days, (c) case when

maximum GSTs to the market are 10 days, and (d) case when maximum GSTs to the market are 15 days. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 22. Illustration of stochastic timings in a cycle
stream.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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hold decreases. When the GSTs are set to 69 days, the optimal
solution suggests holding inventory just for four important
intermediate and final products. Although the total inventory
decreases as the GSTs increase, the inventory level for a cer-
tain chemical may increase, for example, the inventory level
of chemical R in Figures 24c,f. This is because the objective
is to minimize the total cost rather than the inventory level of
a certain chemical.

Conclusions

In this work, we addressed the integration of tactical plan-
ning, scheduling, and stochastic inventory management for

Figure 23. Optimal process network for Example 3.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 2. Cyclic Schedules for Example 3

Process Scheme
Processing
Time (day)

Cycle
Time (day)

Number
of Cycles

7 2 16.0 19.4 18
3 2.6

9 2 10.9 18.4 19
3 6.9

12 2 5.2 10.3 34
3 4.2

13 1 4.8 8.0 44
2 2.5

14 7 2.8 8.8 40
8 4.8
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chemical complexes, which include both dedicated and flexi-
ble processes, under supply and demand uncertainty. We
used the GSA to capture the stochastic nature of demand
variations and supply delays, and we used the cyclic sched-
uling policy to coordinate the processing of alternative pro-
duction schemes. We proposed a nonconvex MINLP model
that simultaneously determines the scheme selections, pro-
duction schedules, purchases, sales, production/consumption
amounts, and working and safety inventory levels. This
model considered multiple tradeoffs among variables from
all decision levels, thus seamlessly integrated the planning,
scheduling, and stochastic inventory management. As this
basic model contained multilinear and concave terms, which
could be computationally intractable for large-size problems,
we reformulated the model to an MINLP with only square
root and linear terms by exploiting the problem properties

and using general linearization methods. To obtain global
optimal solutions with modest computational times, we fur-
ther developed a tailored branch-and-refine algorithm based
on successive piecewise linear approximations. Moreover,
three novel symmetry breaking cuts were proposed to elimi-
nate the degeneracy of the assignment configurations, which
in turn greatly accelerated the computation. Three examples,
with up to 25 chemicals and 16 processes including at most
eight production schemes for each flexible process, were pre-
sented to illustrate the application of the model and its com-
putational performance. The computational results showed
that the proposed solution framework can reduce the compu-
tational times of solving the nonconvex MINLP by orders of
magnitude. To examine the responsiveness issues of chemi-
cal complexes, we presented approximated Pareto-optimal
curves to reveal the trade-offs between the total cost and

Figure 24. Optimal inventory levels when maximum GSTs to the market are set to different values.

(a) Case when maximum GSTs to the market are 0 day, (b) case when maximum GSTs to the market are 15 day, (c) case when

maximum GSTs to the market are 30 day, (d) case when maximum GSTs to the market are 45 day, (e) case when maximum

GSTs to the market are 60 day, and (f) case when maximum GSTs to the market are 69 day. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]
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inventory vs. the maximum GSTs to the markets. The results
show that the more responsive the process network needs to
be, the higher cost and more inventory it will have.

Notation

Sets/indices

I ¼ set of processes indexed by i
J ¼ set of chemicals indexed by j
K ¼ set of external suppliers indexed by k
L ¼ set of external markets indexed by l
M ¼ set of digits for binary representation indexed by sl
P ¼ set of pieces for piecewise linear approximation indexed

by p
S ¼ set of production schemes indexed by s

SL ¼ set of time slots indexed by sl

Subsets

Ci;s ¼ subset of chemicals j that are inputs or outputs of scheme
s in process i

DE ¼ subset of dedicated processes i
FL ¼ subset of flexible processes i
Ij ¼ subset of production schemes s in process i that consume

chemical j
IPj ¼ subset of processes i that consume chemical j
Mi;s ¼ subset of chemical j that is the main product of schemes

s in process i
MKTj ¼ subset of external markets l that have demand for

chemical j
M1 ¼ subset of digits m for binary representation of the

numbers of cycles
M2 ¼ subset of digits m for binary representation of the net

lead times
Oj ¼ subset of production schemes s in process i that produce

chemical j
Pj ¼ subset of pieces for piecewise linear approximation for

chemical j
Si ¼ subset of production schemes s available in process i

SLi ¼ subset of time slots sl in process i
SUPj ¼ subset of external suppliers k that supply chemical j

Parameters

aLj;k ¼ lower bound for the availability of chemical j at external
supplier k

aUj;k ¼ upper bound for the availability of chemical j at external
supplier k

aj;p ¼ tangents for piecewise linear approximation
bj;p ¼ intercepts for piecewise linear approximation

h ¼ planning horizon
nsli ¼ number of time slots/production schemes in process i
qi ¼ production capacity of process i
�rj;l ¼ variance-to-mean ratio for the demand for chemical j of

external market l
sij;k ¼ GST for chemical j from external supplier k
soUj;l ¼ maximum service time allowed for chemical j to external

market l
uj;p ¼ bounds of intervals for piecewise linear approximation
vUi;s;j ¼ upper bound of internal demand variance for chemical j

of scheme s in process i
�vj;l ¼ variance for the demand of chemical j of external market

l
wU
i;s;j ¼ upper bound for the amount of chemical j produced by

scheme s in process i
aj;k ¼ unit purchase cost for chemical j from external supplier k
bj ¼ unit inventory holding cost of chemical j
di;j ¼ deterministic transfer time from process i to chemical j
gi;s;j ¼ material balance coefficient of chemical j for scheme s in

process i
hi;j ¼ deterministic transfer time from chemical j to process i
kj ¼ safety stock factor for chemical j
�lj;l ¼ mean value of external demand for chemical j from

market l
pi;s;s0 ¼ transition cost from scheme s0 to s in process i
qi;s ¼ relative capacity factor of main product of scheme s in

process i
si;s;s0 ¼ transition time from production scheme s0 tos in process i
ui;s ¼ unit operating cost for scheme s in process i
xi;s ¼ residence time of scheme s in process i

Binary variables

Di;j;m ¼ digit m for binary representation of net lead times of
chemical j to process i

DNi;m ¼ digit m for binary representation of number of cycles of
process i

Ej;p ¼ auxiliary variable for piecewise linear approximation
SYi;s;sl ¼ 1 if slot sl is assigned to scheme s in process i

Xj;k ¼ 1 if there is positive flow from external supplier k to
chemical j

YOPi;s ¼ 1 if scheme s in process i is selected

Non-negative integer variable

NCi ¼ number of cycles of process i

Non-negative continuous variables

CTi ¼ cycle time of process i
CUTi;s;s0;sl ¼ 1 if scheme s0 is assigned to the first slot and scheme s to

slot sl in process i
DVi;s;j;m ¼ auxiliary variable for the linearization of bilinear terms
DWi;s;j;m ¼ auxiliary variable for the linearization of bilinear terms
DNCTi;m ¼ auxiliary variable for the linearization of bilinear terms

DNWSi;s;j;m ¼ auxiliary variable for the linearization of bilinear terms
DNZi;s;s0 ;sl;m ¼ auxiliary variable for the linearization of bilinear terms

Fj;p ¼ auxiliary variable for piecewise linear approximation
Gj ¼ auxiliary variable for concision
Ni;j ¼ net lead time of chemical j to downstream process i
�Nj;l ¼ net lead time of chemical j to external market l
NSi ¼ number of schemes selected in process i

NYi;s ¼ number of slots assigned to scheme s in process i
Oj ¼ auxiliary variable for concision

PDi;s ¼ order processing delay of scheme s
PUj;k ¼ amount of chemical j purchased from external supplier k
RCj ¼ variance-to-mean ratio for all inputs of chemical j
RPi;s ¼ variance-to-mean ratio for all inputs of scheme s in

process i
SAj;l ¼ amount of chemical j sold to external market l
SCi;j ¼ GST of chemical j to downstream process i
SOj;l ¼ GST of chemical j to external market l
SPi;s;j ¼ GST of scheme s in process i to downstream chemical j
TCj ¼ worst case replenishment lead time of chemical j
TPi;s ¼ worst case replenishment lead time of scheme s in

process i
Vi;s;j ¼ variance of internal demand for chemical j of scheme s

in process i
Wi;s;j ¼ amount of chemical j produced/consumed by scheme s in

process i

Figure 25. Pareto optimal curve and total inventory of
all chemicals for Example 3.

Lower error bars are added for each instance on the

Pareto curve, representing the 0.1% optimality gap.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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WS
i;s;j ¼ amount of chemical j produced/consumed by scheme s in

process i in one cycle
Zi;s;s0 ;sl ¼ 1 if scheme s in slot sl is preceded by s0 in process i
Ci;s;sl ¼ production time of scheme s in slot sl in process i
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Appendix

Theorem 1. Constraints 5–8, in conjunction with the
integrality of the assignment variables SYi;s;sl lead to the fol-
lowing unique solution

Zi;s;s0;sl ¼ SYi;s0;sl�1 � SYi;s;sl (A1)

where the transition variables Zi;s;s0;k are treated as non-
negative continuous variables.
Proof: Consider an arbitary flexible process l, two arbi-

trary production schemes m and n, and an arbitrary time slot
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k. Assume SYl;m;k�1 ¼ 1 and SYl;n;k ¼ 1. From (5), we know
that for each flexible process i 2 FL, exactly one scheme can
be assgined to slot sl, and exactly one scheme can be
assigned to slot sl� 1. Therefore

SYl;s;k�1 ¼ 0; 8s 6¼ m (A2)

SYl;s;k ¼ 0; 8s 6¼ n (A3)

From (A2), (A3), and (6)–(8) we know that

Zl;s;s0;k ¼ 0; 8s;8s0 6¼ m (A4)

Zl;s;s0;k ¼ 0; 8s0;8s 6¼ n (A5)

Now (A4) and (A5) indicate that Zl;s;s0;k can be nonzero
only for s0 ¼ m and s ¼ n. Furthermore, according to (6) and
(7), at least one Zl;s;s0;k must be one. Therefore

Zl;s;s0;k ¼ SYl;s0;k�1 � SYl;s;k ¼ 0; 8s 6¼ n; s0 6¼ m (A6)

Zl;m;n;k ¼ SYl;m;k�1 � SYl;n;k ¼ 1 (A7)

Hence, although Zl;s;s0;k are relaxed as continuous variables
in interval [0, 1], they can only take the values of either
0 or 1. n

Manuscript received Jun. 30, 2012, and revision received Sept. 6, 2012.

1532 DOI 10.1002/aic Published on behalf of the AIChE May 2013 Vol. 59, No. 5 AIChE Journal


